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Combined Forced and Free Convection Flow 
Past a Horizontal Flat Plate 

The problem of simultaneous forced and free convection flow of a New- 
tonian fluid past a hot or cold horizontal flat plate is investigated by means 
of numerical solutions of the full equations of motion and thermal energy 
subject only to the Boussinesq approximation. These solutions span the pa- 
rameter ranges 10 6 Re 4 100, 0.1 6 Pr 4 10, and -2.215 6 Gr/Re5/2 4 
2.215 where Re, Pr, and Gr are based on the ambient free stream fluid 
properties and the overall plate length 1. When Gr > 0, the boundary flow 
near the plate surface is accelerated relative to the corresponding forced 
convection flow, with a resulting increase in both the local skin friction and 
heat transfer coefficients. When Gr < 0, the boundary flow is decelerated, 
the local skin friction and heat transfer are decreased, and the flow actually 
separates for Gr/Re5/2 < -0.8 when Pr = 0.7. In the latter circumstance, 
an increasing degree of upstream influence is observed as Cr/Re5/2 is fur- 
ther decreased. 

G. E. ROBERTSON 
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Colifornia Institute of  Technology 
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SCOPE 
The buoyancy effects induced by a hot or cold body can 

cause considerable deviations from the basic forced con- 
vection flow which would exist when the body and free 
stream fluid are at the same temperature. In some circum- 
stances, such deviations may be of significance primarily 
because of the accompanying changes in the overall heat 
transfer rate; however, in general, one would be inter- 
ested in a detailed understanding of the changes in flow 
structure, and a considerable body of literature has grown 
up in an attempt to achieve this goal. To date, the major- 
ity of this work has been concerned with the case in which 
a significant component of the buoyancy-induced body 

Correspondence concerning this paper should be addressed to L. G. 
Leal. 

force is either parallel or antiparallel with the direction of 
the undisturbed fluid motion [compare the work of Acri- 
vos (1966), Merkin (1969), and others on the combined 
forced and free convection flow past a vertical flat plate]. 

In this work, we utilize numerical solutions of the full 
equations of motion and thermal energy, subject to the 
Boussinesq approximation, to consider the laminar, two- 
dimensional flow of a Newtonian fluid past the upper 
surface of a hot or cold horizontal flat plate. The most 
significant previous investigations of this problem are the 
boundary-laver analyses of Sparrow and Minkowycz (1962) 
and Leal (1973a). In these papers, it is shown that the 
cross-stream buoyancy-induced body force acts effec- 
tively to produce a streamwise pressure gradient in the 
fluid adjacent to the plate surface: favorable, in the usual 
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boundary-layer sense, when the plate is hot, and adverse 
when the plate is cold. Hence, the local boundary flow is 
either accelerated or decelerated relative to the corre- 
sponding forced convection flow, and the local skin fric- 
tion and heat transfer are predicted either to increase or 
decrease depending upon whether the plate is hot or cold. 
Although these results are of considerable interest, the 
corresponding analyses are strictly limited to situations in 
which the natural convection contribution remains as a 
small correction to the basic forced convection flow. In 
particular, although the basic boundary flow is decelerated 
near the plate surface and hence has the potential to 

separate, an explicit prediction of this effect is outside 
the scope of the existing boundary-layer analyses. 

The present paper is thus addressed to two main points. 
First, what is the qualitative nature of the flow produced 
when the effect of buoyancy is not small; and, second, 
what is the particular nature of the fluid motion when 
the plate is sufficiently cold so that the boundary flow ac- 
tually separates? Additionally, we consider the role of the 
fluid Prandtl number in determining the flow structure 
under these circumstances. In this paper, we concentrate 
particularly on the region in the immediate vicinity of 
the plate. 

CONCLUSIONS AND SIGNIFICANCE 
Numerical solutions of the full equations of motion and 

thermal energy have been obtained subject to the Bous- 
sinesq approximation for 10 4 Re 100, 0.1 6 Pr 4 10, 
and -2.215 6 Gr/Re5l2 =z 2.215, where Re is the Reyn- 
olds number, Pr the Prandtl number, and Gr the Grashof 
number based on the ambient, free stream fluid properties 
and the overall plate length 1. 

For the intermediate values of Re investigated, the flow 
structure erhibits the same qualitative features as predicted 
by existing boundary-layer theories which are valid for Re 
-+ co and IGr/Re5/21 << 1. Thus, the gravitationally in- 
duced streamwise pressure gradient produces either an 
acceleration or deceleration of the boundary flow compared 
with the corresponding forced convection case (Gr = 0) 
depending on whether the plate surface is hot or cold. 
When Gr > 0 and is increased, the local skin friction and 
heat transfer coefficients increase over the plate surface, 
and the flow structure remains qualitatively the same even 
as IGr/Re5/2j = O(1). On the other hand, when Gr/Re5/2 
< -0.8 (for Pr = 0.7), the buoyancy-induced streamwise 
pressure gradient actually causes the flow to separate and 
a recirculating eddy develops adjacent to the plate sur- 
face. As Gr is further decreased, the recirculating eddy in- 
creases in size; but, more importantly, its leading edge 
moves forward along the plate surface until, finally, the 
reverse flow region is found to extend upstream beyond 

the leading edge of the plate. As Re or Pr is decreased, 
with Gr/Re5l2 fixed, the size of the recirculating eddy is 
increased, as is the extent of its upstream influence on the 
flow. Finally, it should be noted that the onset of separa- 
tion and growth of a large recirculating eddy is accompa- 
nied by a rather remarkable decrease in the overall fric- 
tional drag on the plate, as well as a smaller decrease in 
the overall heat transfer coefficient. 

The presence of a recirculating flow upstream beyond 
the leading edge of the plate is, perhaps, the most in- 
teresting and significant result of the present work. Care- 
ful observation of the temperature, vorticity, and stream- 
function fields in a time-dependent numerical solution 
indicates that the mechanism for the progressive (in time) 
upstream movement of the recirculating eddy lies in the 
local stable density stratification which is produced as 
the fluid adjacent to the plate surface is cooled below 
the ambient, free stream temperature. It is, of course, well 
known that the presence of a finite two-dimensional body 
(in this case the recirculating eddy) can produce strong 
upstream disturbances when the ambient fluid is stably 
stratified; however, so far as we are aware, the presence 
of significant upstream influence due to a locally induced 
stratification has not hitherto been reported in the litera- 
ture. 

PHYSICAL PROBLEM AND BASIC EQUATIONS 

We consider the laminar, two-dimensional motion of 
Newtonian fluid past a hot or cold flat plate of length 1. 
As indicated in Figure 1, the free stream velocity and 
temperature are denoted by U ,  and T,, the temperature 
at the upper surface of the plate by T, + AT, and the 
streamwise and normal coordinate directions by x and y. 
We are primarily concerned in this work with understand- 
ing the role of the temperature induced buoyancy forces 
in contributing to the flow structure in the immediate 
vicinity of the plate surface. Hence, in order to simplify 
the analysis, we consider the case in which the plate, as 
a whole, acts as a heat dipole; that is, we consider the 
temperature of the underside of the plate to b.e T, - AT, 
corresponding to a situation in which there is no net heat 
transfer to the ambient fluid. The advantage of this choice 
is that the velocity field produced is thereby symmetric 
about the plane y = 0. The alternate source problem, in 
which the underside temperature is T, + AT is also of 
interest; however, it can be anticipated from boundary- 

layer theory that the detailed structure of the velocity and 
temperature fields in the immediate vicinity of either the 
upper or lower surface of the plate will be essentially the 
same for the source and dipole problems in spite of the 

Fig. 1. The physical system. 

September, 1973 Page 999 AlChE Journal (Vol. 19, No. 5) 



fact that the structure of the downstream wake regions 
will be markedly different (a  point which we shall con- 
sider in detail in a later communication). 

Nondimensionalizing the basic conservation balances 
for momentum, mass, and thermal energy using the ambi- 
ent (free stream) fluid properties, the free-stream velocity 
Um and the plate length 1, and invoking the usual Bous- 
sinesq approximation ( Boussinesq, 1903; Spiegel and 
Veronis, 1Y60), we obtain the basic governing diiterential 
equations 

a P  1 -- au au au 
- + u - + u - =  at ax aY ax +,($+$) 

( 1 4  
au a0 au 

at ax aY 
- + u - + u - =  

1 Gr 
ay Re aY2 Re2 

-- a' +- (-$-+") +-e ( l b )  

in which 

CL. k m  . 

where 0 is defined as ( T  - T,) /AT, /3 is the coefficient of 
thermal expansion, and the subscript 00 represents the 
free stream value. 

With the present definition, it may be noted that Gr 
> 0 corresponds to the case in which the upper plate sur- 
face is hot relative to the ambient fluid, whereas Gr < 0 
corresponds to the case in which it is cold. Clearly, the 
relevant buoyancy parameter is Gr/Re2 according to (1) .  
Leal (1973a) and Sparrow and Minkowycz (1962) both 
show that the equivalent parameter in the boundary-layer 
version of (1) to (3) is Gr/Re5I2, a result which we shall 
utilize at a later point. 

In view of the symmetry of the dipole problem, these 
equations need only be solved in the upper half plane. 
The appropriate boundary conditions are simply 

(4b) 

(4c) 

1 
U = U = O ,  e = 1  ; IxI" y = o  

U+ 1, u-,  0, e-, 0; r = ( x 2 +  y2)%+ w 

For purposes of obtaining a numerical solution to this 
problem, it is convenient to rewrite Equations (1)  to (4) 
in terms of the streamfunction $ and vorticity o, defined by 

a+ 

and to transform the resulting equations to an elliptical 
cylindrical coordinate system (8, q )  in which 

au au alli 
aY ax ax ay 

, u=--- , u = - -  u = -  

( 5 )  
1 1 
2 

x = -  cosht COST, y = sinht sin? 

hence yielding the governing equations 

ae 
2Re2 a t  

+ 5 ( sinhl cosq - - cosht sin17 - 

( 8 )  
where W (  6 , ~ )  = YZ (cosh26 - COS~?)  and the nonlinear, 
two-dimensional Jacobian is given by 

aff ay aff ay 
f f , y  ------ 

J (  ) - a t  a? 87) ag 
The advantage of elliptical cylindrical coordinates is that 
the region near the plate is effectively magnified, particu- 
larly the singular regions near the ends of the plate which 
are effectively resolved by a corresponding coordinate 
singularity (Leal and Acrivos, 1969). In this coordinate 
system the plate is located at 5 = 0, and the remaining 
portions of the x-axis (1x1 > YZ, y = 0) are given by 7 = 
0 ( x  > Yz) and 7) = T ( x  < - Y Z ) ,  respectively. Hence, 
the boundary conditions (4)  can be expressed as 

+ = o = @ = O ;  r ]=OandT,  a l l t > 0  (9a) 

(9b) e = i ;  t = o ,  o - - L ~ ~ ~  ---+=o; a+ - 
a t  

and 
1 
2 

$+-sinh[sinT, 0-0, e + O ;  ( 3  00, 0~~~~ 

(9c) 
We shall be concerned, in this paper, with the numerical 
solution of the problem represented by Equations (6) to 
(9) .  

NUMERICAL SOLUTION SCHEME 

The basic numerical solution scheme utilixed in this 
work was based on the explicit, Gauss-Seidel pointwise 
iteration applied to the appropriate finite-diffuence form 
of the Equations (6)  to (9),  with d O / d t  and a d a t  set 
equal to zero. This steady state iterative algorithm (which 
is similar to that of Leal and Acrivos, 1969) converges 
more rapidly to the final steady state than most standard 
time-dependent schemes and hence was used to obtain all 
of the steady state solutions which comprise the major 
portion of the present investigation. The finite-difference 
approximations of (6) to (8) were obtained using the 
simple two-point central difference formula for spatial 
first derivatives and the familiar five-point approximation 
for the Laplacian operator. Hence they are accurate to 
0 ( h2) ,  where h is the computational mesh size in the (I, 7) 
plane. The more stable Arakawa (1966) eight-point ap- 
proximation for the nonlinear Jacobians was also utilized 
in several cases with no discernable change in results. The 
influence of computational mesh size on the solution was 
carefully documented in every instance, and the final 
values used are listed in Table 1. Finally, it should be 
noted that two minor modifications of the straightforward 
iterative scheme were made to enhance numerical stability. 
First, relaxation parameters a$, a,, and ae, chosen by nu- 
merical experimentation, were introduced such that the 
values of +, o, and 0 retained at each mesh point for use in 
subsequent calculations were a weighted average of the 
value from the previous iteration and the newly computed 
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TABLE 1. NUMERICAL PARAMETERS 

Re Gr/Rez Pr h roo a$ a, ae 

10 +7 0.7 
10 +5  0.7 
10 0 0.7 
10 -5 0.7 
10 -7 0.7 
40 +8 10.0 
40 +8 0.7 
40 +5  0.7 
40 0 10.0 
40 0 0.7 

40 -7 0.7 
40 -8 0.7 

40 -11 0.7 
40 -14 0.7 

100 +14 0.7 
100 0 10.0 
100 0 0.7 
100 0 0.1 
100 -11 0.7 
100 -14 0.7 
100 -22.15 0.7 

40 -5 0.7 

40 -11 10.0 

71/30 
71/30 
71/30 
7/30 
71/30 
71/50 
71/50 
71/50 
71/50 
71/50 
71/50 
7/50 
7/50 
71/50 
71/50 
71/50 
71/60 
71/60 
71/60 
71/60 
71/60 
71/60 
71/60 

5.8(11.6) 1.1 0.4 0.4 
5.8 1.1 0.4 0.4 
s . s ( l l . 6 )  1.1 0.4 0.4 

11.6(17.4) 1.0 0.2 0.2 
11.6(17.4) 1.0 0.2 0.2 
3.08 0.7 0.05 0.05 
3.08 1.1 0.4 0.4 
3.08 1.1 0.4 0.4 
3.08(1.54) 1.1 0.4 0.05 
3.08(6.16) 1.1 0.4 0.4 
6.16(3.08) 1.0 0.2 0.2 
9.24(6.16) 0.9 0.1 0.1 
9.24(12.32) 0.9 0.1 0.1 
3.08 0.7 0.05 0.05 
9.24( 12.32) 0.9 0.1 0.1 
9.24( 12.32) 0.9 0.1 0.1 
2.5 1.1 0.4 0.4 
2.5 1.1 0.4 0.025 
2.5 1.1 0.4 0.4 
7.5 1.1 0.4 1.5 
5.0(7.5) 1.0 0.2 0.2 
5.0(7.5) 1.0 0.2 0.2 
5.0(7.5) 0.7 0.025 0.025 

value; for example, 

The values of a*, 00,  and a, utilized in each case are listed 
in Table 1. Secondly, the calculations were actually per- 

formed in terms of + rather than +, where + = JI - 
YZ sinhfsinq. 

In applying the boundary conditions (gb),  the no-slip 
condition at the plate surface, a$/atl,=o = 0 was replaced 
by an equivalent condition relating the surface vorticity 
00 to the values of the streamfunction on adjacent rows 
(Leal and Acrivos, 1969). Utilizing a Taylor series ex- 
pansion, the value of the streamfunction $1 at 4 = h can 
be expressed in terms of + and its derivatives at the 
da te  surface as 

@retained = mold + a, (@new - mold) * 

h A 

Utilizing Equation (7)  and the boundary conditions (9b), 
and truncating series (10) after the term of O(h2),  we 
obtain 

Similarly, by including the term of O(h3), a more accurate 
condition can be derived in terms of $11 and $2 ( + ] ~ = 2 h ) ,  

However, for the fluid motion problem alone [that is, 
Equations (6)  and (7)  with Gr = 0 and appropriate 
boundary conditions], the expression (12) is less stable 
than ( 11) in the numerical scheme (compare Thom and 
Apelt, 1956; Janssen, 1957; Leal and Acrivos, 1969). 
Therefore, relation (11) was employed for the majority 
of each calculation with the more accurate formula (12) 
being used only as a check on the solution once conver- 
gence was achieved. 

The most troublesome feature of the present calcula- 
tions, at least compared with the corresponding forced 
convection problem, is the approximation of the boundary 
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conditions (Sc), since the region covered by the finite dif- 
ference mesh system must obviously be restricted to finite 
values of r. The simplest and most common approach, 
which has been widely utilized in studies of fluid mechan- 
ics alone (for example, Rimon, 1969; Son and Hanratty, 
1969; Dennis and Chang, 1970; Masliyah and Epstein, 
1970; Leal, 1973b), is simply to use the uniform stream 
conditions (9c) applied at a large but finite value of r 
(or equivalently, of 4 ) .  Numerical experimentation 
showed this method to be computationally feasible in the 
present case also, provided GT 0. Unfortunately, how- 
ever, for Gr < 0 this simple approach was found to be 
entirely unsatisfactory. In this case, as the fluid passes 
above the plate, it is cooled and thus becomes stably 
stratified. As a result the fluid in the wake region down- 
stream is also stably stratified and hence exhibits the 
phenomenon common to such flows of very strong up- 
stream propagation of disturbances (see Long, 1953, 
1955, 1972; Janowitz, 1968). For this reason, the solu- 
tion close to the plate becomes much more sensitive to 
errors in the downstream boundary conditions than for 
the corresponding flow with Gr > 0. Thus, the uniform 
stream conditions are not adequate for numerical solu- 
tion at least in the sense that the values of tm required 
to ensure an accurate solution near the plate are too large 
to be economically feasible. After considerable trial and 
error, two alternative approaches were found to pro- 
duce satisfactory results. The first involves the use of a 
far-field correction to the simple free stream condition, 
which is the first term of an infinite series expansion that 
converges asymptotically for t >> 1. Imai (1951) and 
Chang (1981) have discussed this far-field correction in 
some detail for the fluid mechanics problem alone (Gr 
= 0) ,  and we have utilized the formalism of Chang to 
obtain a similar correction in the present case in which 
the buoyancy contribution plays an important role. The 
details of this calculation will be reported in a future 
communication. For the present purposes it is enough 
simply to quote the results 

0 - Ayx-312 exp( - PrRey2/4x) + o ( T - ' ~ ~ )  ; 

e = o ;  X < O  

+ -  y + m tan-' (:) 

+- 1 - Ki Pr erf(  -5)) 2 
+ o(1);  

x > o  

o = o ;  x < o  I 
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in which ON = ON-5 - 50N--4 + 108N-a - 1oeN-2 

+ 50N-l + 0, h5) (19) 

Similar expressions can be written for the stre amfunction 
and vorticity. This formula, which was first (derived by 
Lin and Apelt (1970), is based on the familiar Milne’s 
predictor formula used to integrate ordinary differential 
equations (Lapidus and Seinfeld, 1971). The chief ad- 
vantage of (19) compared with extrapolation schemes 
which have been previously proposed for estimating JI, W, 

and B at the outermost boundary (compare Thoman and 
Szewczyk, 1969; Estoque, 1962; Yamada and Meroney, 
1971), is that no explicit (and unjustified) assumption 
need be made of the functional dependence of these vari- 
ables on 8 other than simple differentiability. The chief 
disadvantage of the extrapolation formulation compared 
with the scheme involving (14) to (18) is that the nu- 
merical algorithm is less stable, and distortions h the fields 
are produced if the initial fields are too inaccurate (Lin 
and Apelt 1970; Yamada and Meroney, 1971). On the 
other hand, the advantage of the extrapolation scheme is 
that the solution near the outer boundary is not directly 
coupled with that near the plate. In view of the unusually 
strong interaction already inherent in the stably stratified 
wake flow when the plate is cold, one may logically ask 
whether, in using (14) to (18),  an incorrect value for cd 
or Nu leading to an inaccurate boundary-value for 8 = [, 
at some intermediate point in the calculation might not 
lead to further inaccuracies in Cd or Nu and hence to 
some convergent but inaccurate solution in the vicinity of 
the plate. In order to ensure that this possibility did not 
actually occur, the calculations for the cold plate were first 
carried to near-convergence utilizing the stable far-field 
approximations, and then run to completion using both 
the far-field solutions and the extrapolation scheme inde- 
pendently. In general, the solutions so obtained were vir- 
tually identical. However, as Gr was made increasingly 
negative some small (2  to 3%) differences were noted in 
the vorticity distribution near the plate and, hence, by 
(18), in the drag coefficients as well. In these instances, 
the results reported here are based on the solution ab- 
tained using the extrapolation procedure since these ap- 
peared to introduce somewhat smaller disturbances in the 
flow near [,. 

Finally, it should be mentioned that convergence was 
achieved via an oscillatory mode similar to that described 
previously by Leal and Acrivos (1969) and Leal (197:3b). 
Thus, for example, cd was observed to oscillate with a 
monotonically decreasing amplitude about a fixed mean 
and a characteristic period of O(100) iterations. Such 
oscillatory convergence is very appealing as upper and 
lower bounds on the various dependent varixbles are 
available throughout the calculation. The solution was 
generally assumed to have converged when these bounds 
were within 0.05% of the average value for cd and Nu. 
However, the detailed fields for JI, 8, and o were also ex- 
amined carefully to ensure that the solutions were uni- 
formly convergent throughout the (x, y ) plane. 

Gr 2 
Re2 PrRe 

K I s A - * -  

g(0) f - - cd 2 c+ K1 ( lll:r) 
In the latter expressions, Nu is the overall Nusselt number 
based on the total heat transfer at the upper surface of 
the plate, 

and c d  is the corresponding drag coefficient 

Cd - - 1 00 sin? d7 
1 ”  

Re 

Finally, in evaluating the expressions (14) to (16) at a 
particular point (x, y), the value xo is utilized to denote 
the x-intercept of the circular arc r = (x2 + y2) = con- 
stant. It should be noted that the parameter A vanishes as 
xo + 00. In view of the definitions (17) and (18) it may 
be seen that the parameters A and g(0) provide a direct 
coupling between the far-field solutions (14) to (16) and 
the numerical solution near the plate. The key idea in 
utilizing the far-field corrections at a large but finite value 
of T instead of the simple free stream conditions at the 
same position is to minimize the difference between the 
imposed values of $, W, and 8, and the values which would 
exist at the same position if one had an exact solution. 
Using ( 14) to (18), the choice of em required for an ac- 
curate solution near the plate was reduced to an economi- 
cally feasible value in all cases. The values used are listed 
in Table 1 (x, = $cash[,). We estimate these as the 
minimum value necessary to produce accurate solutions in 
the vicinity of the plate. In most cases, these values were 
actually confirmed by comparison with a similar solution 
obtained using the somewhat larger (or smaller) values 
listed in parentheses under x, in Table 1. For Gr = 0, 
the values of x, chosen correspond to those independently 
determined by Leal and Acrivos (1969) for a similar fluid 
mechanics problem. In addition, we note that the values 
listed in Table 1 are essentially equivalent to those utilized 
by Takami and Keller (1969) for flow past a circular cylin- 
der with a similar wake correction when account is taken 
of the overall length of the cylinder plus the attached 
closed-streamline wake. It is noteworthy that the required 
distance decreases as Re increases, all else being fixed, 
while generally increasing as Gr is decreased to negative 
values or as Pr is decreased. 

As an alternative to the far-field correction, the recently 
developed Milne’s extrapolation procedure was also util- 
ized to produce boundary values at [, from the internal 
solution itself. Denoting the value of e at [ = [, - rnh as 
8 ~ - ~ ,  Milne’s procedure for extrapolation outward in [ 
along a line of constant r )  is defined by 

COMPARISON WITH PREVIOUS SOLUTIONS 

A variety of detailed tests were performed to eiisure the 
accuracy of the solutions reported here. Considering first 
of all the case of forced convection GT = 0 in which the 
fluid mechanics is uncoupled from the heat transfer prob- 
lem, we may compare our results for Re = 10, 40, and 
100 directly with those obtained by Dennis and Dunwoody 
(1966) who studied the fluid mechanics problem alone. 
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The values of c d  shown in Figure 2 for these cases are 
virtually identical with those of Dennis and Dunwoody. 
Furthermore, the variation of the local skin friction coeffi- 
cient - 00, as a function of position along the plate agrees 
closely with that reported by these authors. 

There are no prior results of which we are aware for 
forced convection heat transfer with e = 0 on y = 0, XI > 
M. However, Dennis and Smith (1966) have consi d ered 
the case in which away  = 0 on y = 0, 1x1 > %. Hence, 
we also solved this problem in order to provide a test for 
the accuracy of our numerical algorithm. Again, the values 
of NU, which are reported in Table 2, and the variation 
of the local heat transfer coefficient, -2 aO/a+o/sinT, 
with position along the plate surface, agree very well with 
the results of Dennis and Smith. The numerical results for 
the case in which 8 = 0 on y = 0 and GT = 0 are also 
qualitatively similar to those of Dennis and Smith. How- 
ever, as expected on physical grounds, the actual numeri- 
cal values for the local heat transfer coefficient are some- 
what larger, particularly near the ends of the plate. 

A further test on the accuracy of our numerical scheme 
is provided by examining the Reynolds number depen- 
dence of SO, the dimensionless vertical distance between 
the plate surface at x = 0 and the isotherm 0 = 0.1. So 
is a measure of the thickness of the thermal layer and is 
given in Table 3 for Pr = 0.7 and Gr = 0. It may be 
seen that 88 is roughly proportional to Re-%, which is the 
theoretically predicted boundary-layer behavior (though, 
of course, quantitative agreement with boundary-layer 
theory is not obtained or expected for Re 4 100). 

Finally, as indicated previously, we have obtained a 
limited number of solutions for Pr = 10 and 0.1 in order 
to evaluate the effect of this parameter on the overall flow 
structure. In Figure 3, we have plotted the numerical re- 
sults for Gr = 0 and Re = 100 together with the classi- 
cal boundary-layer estimates for Pr << 1, Pr = 1, and 
PT >> 1. These provide further evidence for the validity 
of the numerical scheme in the sense that the solutions for 
Pr = 0.7 and PT = 10 appear to be consistent with the 
expected asymptotic trends. The result for PT = 0.1 is 
also qualitatively correct but appears to somewhat over- 
estimate the actual value. The most likely explanation for 

G r/Re5'* 

Fig. 2. CdRe112 as a function of the boundary-layer parameter, 
Gr/Re5I2, for Pr = 0.7. 

TABLE 2. Nu FOR Cr = 0, Pr = 0.7, AND ae/ay = 0 
ON y = 0, 1x1 > 1/2 

Investigators Re = 10 Re = 40 Re = 100 
Dennis and Smith 2.43 4.37 6.75 
Present 2.43 4.32 6.74 

TABLE 3. Se FOR Gr = 0, P r  = 0.7 

Re 10 40 100 
he 0.86 0.41 0.26 

TABLE 4. CdRe'f2 AND NuRe-1'2 FOR Pr = 10.0 AND Re = 40 

Gr/Re5/2 -1.74 0 1.265 
CdRe''2 1.56 2.00 2.22 
NuRe-1/2 1.85 1.94 1.98 

I '  I I I I I I 

2.01- i 

o . 2 ~  O . '  0.1 0.2 0.5 1.0 2.0 5.0 10.0 

Pr 
Fig. 3. NuRe-112 as a function of Pr for Gr = 0: comparison of the 
numerical results for Re = 100 and the boundary-layer estimates for 

Pr << 1, Pr = 1, and Pr >> 1. 

this behavior is that the outer boundary (fa) is not suffi- 
ciently far away from the plate. This is suggested by the 
fact that the solution still changed somewhat as x. was 
increased from twice to three times its value at Pr = 0.7. 
Unfortunately, the excessive computation times involved 
for such large values of 5. (at this Reynolds number and 
Prandtl number) preclude any attempt to consider larger 
values of .fa directly. We shall return to discuss these re- 
sults in more detail in the next section of this paper. 

RESULTS AND DISCUSSION 

We previously mentioned the expected boundary-layer 
flow structure for large Re, and l G ~ / R e 5 / ~ 1 *  suitably small. 
In particular, we have noted that the cross-stream buoy- 
ancy force acts effectively to produce a streamwise pres- 
sure gradient at the upper plate surface which is favorable 
in the usual boundary-layer sense when the plate is hot 
and adverse when it is cold. Hence, the local boundary- 
layer flow is either accelerated or decelerated relative to 
the corresponding forced convection flow, with a concur- 
rent increase or decrease in the local skin friction and 
heat transfer rates, depending upon whether the plate is 
hot or cold. 

* Note that whereas the original Equation (1) depends on the param- 
eters Re, PI, and Gr/R@, the corresponding laminar boundary-layer equa- 
tions for Pr = O(1) contain only Pr and Gr/R&* as explicit parameters. 
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The main thrust of the present work has been to deter- 
mine the effect of buoyancy on the flow structure and 
temperature distribution under circumstances in which 
Gr/Re5I2 (and hence the natural convection contribution 
to the flow) is not necessarily small. In the first part of 
this section, we consider the effect of variable Re and 
Gr/Re2 at a fixed value of Pr = 0.7. In the second, we 
briefly examine the change in flow structure as Pr is in- 
creased to 10 and decreased to 0.1 with Re = 40 and 100, 
and values of Gr/Re2 equal to 8, 0, and -11. Finally, in 
the last part of this section we consider, in some detail, 
the structure of the recirculating eddy which results from 
flow separation at sufficiently negative values of Gr/Rea. 

Effects of Gr and Re on Flow Structure; Fixed Pr = 0.7 
In order to achieve a relatively complete description of 

the dependence of the flow structure and temperature 
distribution on Re and Gr/Re2 we have obtained steady 
state numerical solutions for Re = 10, 40, and 100 and 
a variety of positive and negative values of Gr/Re2 as 
listed in Table 1. Typical streamline, vorticity and tem- 
perature plots are shown in Figures 4, 5, and 6, respec- 
tively, for Re = 40, Pr = 0.7 and Gr/Re2 = 8, 0, -5 
and -14. The flow is from left to right. Three features 
are worthy of special note. First, as expected from the 
boundary layer analyses (Sparrow and Minkowyz, 1962; 
Leal, 1973a), the gravitationally induced streamwise pres- 

sure gradient produces either an acceleration or decelera- 
tion of the flow near the plate with an accompanying 
narrowing or thickening of the boundary-layer region de- 
pending upon whether Gr is positive or negativ.: (that is, 
the plate surface is hot or cold). When the surface tem- 
perature is sufficiently low (Gr sufficiently neg'itive) , the 
boundary flow actually separates and a recirculding eddy 
develops adjacent to the plate surface. Second, and per- 
haps the most interesting result from the numerical solu- 
tions, is the fact that this recirculating region can actually 
extend considerably upstream beyond the leading edge of 
the plate. Such a degree of upstream iduence of the flat 
plate upon the basic flow structure seems to be an unex- 

(A) 

I 

Fig. 4. Streamlines for Re = 40 and Pr = 0.7; $ = 0.5, 0.3, 
0.1, 0.05, 0, -0.005, -0.01, and -0.015 with 0.5 corresponding 
to the outermost streamline: (A) GrJRe2 = 8; (B)  Gr/RG = 0; (C) 

Gr/Rez = -5; (D) Gr/ReZ = -14. 

Fig. 5. Equivorticity lines for Re = 40 and Pr z 0.7: (A\ Gr/Re2 = 
8; w = -4, -3, -2, -1, 0, 0.3, and 0.5 with - 4  corresponding 
to the innermost curve; (B) Gr/Re2 = 0; w = -4, -3, -2, and -1  
with -1  corresponding to the outermost curve; (C) Gr/Re2 = -5; 
w = -4, -3, -2, and -1  over the front and rear of the plate; 
w = 0 and 0.3 in the reverse flow region and downstreom from the 
plate; (D) Gr/Re2 = -14; w = -4, -3, -2, and over the 
front and rear of the plate; w = 0, 0.5, and 2.0 in the reverse flow 

region and downstream from the plate. 
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pected and highly significant feature of the present prob- 
lem, which we shall discuss in more detail at the end of 
this section. Thirdly, we note the existence, for GT # 0, 
of closed equivorticity curves in the plots of Figure 5, in- 
dicating the presence of internal (nonboundary) sources 
for vorticity in these cases. The origin of these sources 
is the temperature induced density variations in the fluid, 
as can be easily seen from the vorticity transport equation 
for two-dimensional flow, namely, 

- + u - + t - = - v ~ w + - - ? I - -  a. a. do 1 GT as 
at ax ay Re Re ax 

The rate of vorticity production by variations in fluid 

density is given by (Gr/Re2) -. In the upstream and 

downstream portions of the field, aslax > 0 and < 
0, respectively (see Figure G )  . Hence, we expect that posi- 
tive (negative) vorticity will be created on the upstream 
side for Gr > 0 (Gr < 0 ) ,  and similarly negative (posi- 
tive) vorticity on the downstream side for Gr > 0 (Gr < 

ae 
ax 

0) ;  our results exhibit these features. The vorticity distri- 
bution at steady state and Gr # 0 thus represents a bal- 
ance between convection and diffusion of vorticity pro- 
duced by the internal source at each point, as well as that 
produced at the plate boundary. A discussion of vorticity 
production in density stratified flow under more general 
circumstances is available in Yih ( 1965, 1969). 

The qualitative dependence of flow structure on GT for 
Re = 10, 100, and Pr = 0.7 is similar to that described 
above for Re = 40. However, it is of interest to document 
more fully the dependence of flow structure on Re in order 
to provide an indication of the degree to which the small 
Gr boundary-layer behavior ( P r  = O (  1)  ) of Sparrow and 
Minkowycz (1962) is preserved when Re is moderate 
and the natural convection effects are not intrinsically as- 
sumed to be small. Two overall parameters which have 
been frequently used to characterize the gross flow struc- 
ture in problems of this sort are the drag coefficient c d  
and Nusselt number Nu which we have defined in Equa- 
tions (17) and (18). Figure 2 shows the dependence of 
C&e112 on the boundary-layer parameter Gr/ Re512 for the 
various Reynolds numbirs studied. For IGr/Re5121 << 1 
and fixed, and large Re, it is expected from boundary-layer 
theory that CdRe112 will be independent of Re. Surpris- 
ingly, even for Re as small as 40-100, CdRe112 appears to 
be qualitatively consistent with this behavior not only in 
the regime of small (positive) Gr/Re512 but throughout 
the range studied up to +2.215. It should be noted, how- 
ever, that Re = 100 is not sufficiently large to provide a 
quantitative comparison with boundary-layer behavior as 
evidenced by the fact that the value of CdRe112 calculated 
for GT = 0, Re = 100 is still considerably above the theo- 
retical boundary layer value of 1.328 (Dennis and Dun- 
woody, 1966). The divergence of the curves for negative 
Gr is viewed by us as a direct consequence of the ex- 
istence of flow separation which corresponds to a total 
breakdown of the boundary-layer type flow structure 
which appears to be present for Gr > 0, even when Gr/ 
Re512 is not small. More interesting than the Reynolds 
number dependence is the very strong dependence of 
CdRe1/2 on GT and particularly the very small although 
positive values of c d  which result for Gr negative and 
numerically large in absolute value. Although admittedly 
unusual from the point of view of classical fluid dynamics, 
the latter might be expected on physical grounds since the 
existence of a large recirculating eddy of the type pictured 
in Figure 4d implies that a large portion of the plate sur- 
face is subjected to reverse flow and, hence, negative skin 
friction. Figure 7 shows the calculated dependence of 
NuRe-112 on Gr/Re5/2 for Re = 10, 40, and 100. Clearly, 
the basic behavior is similar to that of the drag coefficient 
although the dependence on Gr is weaker and the de- 
pendence on Re somewhat stronger. The weak depen- 
dence on Gr is consistent with the boundary-layer predic- 
tions of Sparrow and Minkowycz ( 1962). 

(D) Effect of Pr on Flow Structure; Fixed Re and Gr/Re5/2 

Recently, Leal ( 1973a) considered the asymptotic 
boundary-layer structure for the present problem in the 
limits as PT * co and Pr -+ 0, respectively for I G T / R ~ ~ / ~ ~  
suitably restricted. The key qualitative result from this 
work was the suppression or enhancement of the buoyancy 
effect depending upon whether PT >> 1 or Pr << 1, 
respectively, which arises from the fact that the thermal 

Fig. 6. Isotherms for Re = 40 and Pr = 0.7; e = 0.8, 0.6, 0.4, 

(A) GrJRe2 = 8; (B) Gr/Re2 = 0; (c) Gr/Re2 = -5; (D) Gr/Re2 
= -14. 

bo;ndary iayer is either very thin or very thick relative 

Pr >> 1 and the thermal layer is thin, the buoyancy driv- 
ing force is confined essentially to the viscous layer near 

0.3, 0.2, and 0.1 with 0.8 corresponding to the innermost isotherm: to the momentum boundary layer in these limits. When 
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the wall, and its effect on the dynamics is thereby dimin- 
ished compared with the case Pr = 1. On the other hand, 
when Pr << 1, the thermal driving force is primarily ef- 
fective in the nonviscous portion of the flow outside the 
momentum boundary-layer and its effect is thereby en- 
hanced. 

It is of interest to compare the qualitative dependence 
of the overall parameters NuRec1I2  and CdRe1j2 on Pr 
with the theoretical predictions from the boundary layer 
analysis of Leal (1973a). In Figure 3, we have plotted the 
numerical results for R e  = 100 and GT = 0 as discussed 
in the previous section. The finite value of R e  is appar- 
ently reflected in the uniform upward displacement of the 
numerical results compared with the theoretical ones 
which are evident in the plot. In order to ascertain the 
practical effects of Pr on the flow dynamics for ~ G T / R ~ ~ / ~ [  
= O (  l ) ,  numerical solutions were obtained at  fixed Re = 
40 and Gr/Re512 = 1.265, 0, and -1.74; Table 4 gives 
the results for CdRe112 and NuRe- l f2  with PT = 10.0. A 
dramatic example of the enhancement of the influence of 
buoyancy on the flow structure for decreasing Pr is that, 
for Gr/Re5/2 = - 1.74, no separation occurs for Pr = 10.0 
whereas a reverse flow region develops for PT = 0.7 as 
will be evident from the next part of this section. For 
large and increasing Pr, Leal predicts that the corrections 
due to the buoyancy effect to the forced convection values 
of CdRe112 and NuRe-l12 should behave like Pr-2/3 and 
Pr-1/3, respectively. It is somewhat surprising in view of 
the restrictions on GT which are implicit in the boundary- 
layer analysis that our results for Gr/Re6l2 = 1.265 exhibit 
qualitatively the same behavior (although the theory only 
requires that PT >> 1 and Gr/Re512 << Pr2f3). No at- 
tempt was made to obtain results at PT = 0.1, in addition 
to the case Re = 100 and Gr = 0, in view of the large 
values of x, required; however, it is expected that the re- 

1.5 

1.0 

Nu Rg112 

0.5 

0 - 

I I I 

+0.616(Re * a) 

I I I 
4 -1.2 0 1.2 

G r/Re512 

Fig. 7. NuRe-lIZ as o function of the boundary-layer parameter, 
Gr/Re5/2, for h = 0.7. 
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Fig. 8. 6* and I", as a function of the boundary-layer parameter, 
GrIRe5/2, for Pr = 0.7. 

sults would be qualitatively similar for GT 
predicted by the boundary-layer analysis of Leal. 

Structure of the Recirculating Eddy; Fixed Pr = 0.7 

We have previously noted that when the pl'ite is cold 
and Gr is sufficiently large, the adverse pressura gradient 
which is induced causes the boundary flow to separate 
with the resultant formation of a recirculating eddy whose 
nominal dimensions may sometimes approach that of the 
plate. In the remainder of this section, we return to a 
more detailed consideration of the structure of this region 
for GT < 0 and Pr = 0.7. In particular, we consider three 
geometric features of the recirculating eddy: the dimen- 
sionless overall length between its leading and trailing 
edges measured at y = 0 ( E " ) ,  the dimensionless maxi- 
mum vertical height a', and the dimensionless position of 
its leading edge x',  again measured at y = 0. Since the 
inception of the separation process for large Re is gov- 
erned by the boundary-layer equations, it should be ex- 
pected that all of these physical features would have a 
common origin, independent of Reynolds number, when 
plotted against the sole boundary layer parameter Gr/ 
Re512, provided only that R e  is sufficiently large. 

In Figure 8, we have plotted 6' as a function of Gr/ 
Re5f2 for R e  = 10, 40, and 100. As expected, the numeri- 
cal data do appear to collapse onto a universal curve for 
small values of l G ~ / R e ~ / ~ l ,  with a common orign of ap- 
proximately -0.8. The continued correlation ;,t higher 
I G T / R ~ ~ / ~ I  is possibly fortuitous since the boundary-layer 
theory is not directly applicable in this domain. The main 
additional feature of interest in Figure 8 is the monotonic 
increase in the vertical extent 6' as the plate is increasingly 
cooled to lower temperatures. We have also obseived very 
similar behavior for the overall length of the recirculating 
region 1" as shown in Figure 8. Finally, we turn to the 
streamwise position of the upstream edge of the recircu- 
lating eddy x ' ,  which is plotted as a function of Gr/Re5f2 
in Figure 9. Clearly, as we have noted previously, the re- 
circulating region does extend upstream beyond the lead- 
ing edge of the plate for a sufficiently cooled plate. How- 
ever, the most significant feature of this plot is the fact 
that, at least through G T / R ~ ~ / ~  = - 2.3, x' is iricreasin 
monotonically with increasing values of IGr/ResfZf 
Whether this trend will continue as IGr/Re5f21 increases 
is, of course, a question of some importance which the 
present work cannot answer. 

The phenomena of buoyancy induced upstream influ- 
ence is, of course, widely known to occur in circumstances 
where the entire fluid is stably stratified. A reasonably 
comprehensive discussion is presented by Yih (1965, 
1969), following the initial, extensive work of Long (1953, 

3 to those 
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1955). However, so far as we are aware, the present in- 
vestigation is the first to report such an effect which is 
completely due to locally produced density gradients. In 

-0.75 

X+ 

-0.50 

-0.25 

-0.15 - 

7-  I I 
X 

x R e - I 0  

7 -1.0 -1.5 -2.0 -2.3 

Gr/Re5’2 

Fig. 9. x* as a function of the boundary-layer parameter, Gr/Re5I2, 
for Pr = 0.7. 

t =o 

t =0.4 

~ . . .  

A 

t =1.1 

the absence of this effect, one would expect the boundary 
separation to occur somewhere on the plate surface, cer- 
tainly downstream of its leading edge. A logical question, 
therefore, is whether a mechanism is available which 
could possibly account for the leading edge of the recir- 
culating eddy flow moving upstream in such a dramatic 
fashion. In order to investigate this point in detail, we 
numerically studied the time-dependent development of 
a reverse flow region for Re = 10 and Pr = 0.7 by start- 
ing with the forced convection solution (Gr/Re2 E 0)  and 
changing instantaneously at t = 0 from this condition to 
Gr/Re2 = - 7. Several streamline and temperature plots 
for subsequent points in time are shown in Figures 10 and 
11. These appear to suggest the following explanation for 
the locally-induced upstream influence effect. The fluid 
directly above the plate is stably stratified as a result of 
being cooled in passing over its surface. Initially the 
streamwise variations in the density profile produce only 
an adverse pressure distribution and the flow separates in 
the usual manner. For Re = 10, Pr = 0.7, and Gr/Re2 = 
- 7, the initial separation point is approximately x,  = - 
0.25. This separation leads to a recirculating eddy of finite 
cross section which the boundary flow must pass over. 
However, the flow upstream of xs is stably stratified and 
the recirculating eddy thus tends to block the flow. This 
blockage (which is strictly a locally induced phenomenon) 
causes the pressure distribution to be modified upstream 
in such a way that the separation process is enhanced and 

t =1.5 

I 1 

t =3.5 

I I 

Fig, 10cStreamlines for Re = 10, Pr = 0.7, and Gr/Re2 = -7; $ = 0.5, 0.3, 0.1, 0.05, 0, -0.01, -0.025 with 0.5 corresponding to the 
outermost streamline. 
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t= 1.1 / t= 1.1 & 
t=3‘5/------ 

Fig. 11. Isotherms for Re = 10, h = 0.7, and Gr/Rez = -7; 
0 = 0.8, 0.6, 0.4, 0.3, 0.2, 0.1, and 0.03 with 0.8 corresponding to the 

innermost isotherm 

occurs more quickly. Ultimately, the leading edge of the 
eddy moves beyond the leading edge of the plate. At this 
point, the stratified fluid upstream can only be a result 
of local cooling of the fluid outside the eddy by the fluid 
inside. For a given fixed value of GT, the upstream edge 
thus attains a finite equilibrium position. It is indeed sig- 
nificant from this point of view that the temperature field 
precedes the recirculating eddy in moving upstream; it is 
the region of stably stratified fluid that is produced which 
apparently allows the reverse flow region to propagate 
beyond the leading edge of the plate. 

In conclusion, it will be of considerable interest to ex- 
tend the present results to a locally induced flow stratifica- 
tion of the type reported here, coupled with an ambient 
free stream stratification. In  this regard, it is of interest 
to note that Estoque (1962), in a large-scale numerical 
analysis of turbulent, stratified, boundary layer flow, pre- 
dicted the presence of a recirculating region extending 
over land for an  imposed prevailing breeze from warm 
land to a cool body of water. 
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